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Question 1 [20 marks] 


Let X be the set of all sequences of real numbers which converge to 0, so that 


X= { (n)nen | an € R for alln € Nand lim x, = O}. 
noo 


Decide whether 


0: XxX —+Rf,  ((tn)nen, (Yn)nen) > max{|zn — yn| | n € N} 


defines a metric on X, carefully justifying your answer. 


Question 2 [20 marks] 


(a) Prove that (X,7) is a T; space if and only if for each x € X, {x} is closed in X. 


(b) Given topological spaces (X,7), (Y,U), prove that f: X —> Y is continuous if and 
only if for each A C X, f(A) C f(A). 


Question 3 [20 marks] 


Let (X,7), (Y,U) be topological spaces and take X x Y with the product topology. 
Prove that X x Y is connected if and only if both X and Y are connected. 


Question 4 [20 marks] 


(a) Given a metric space (X,@) and a € X, prove that 


o(a, ): X —>R, xr o(a, x) 


is a continuous function. 


(b) Let A be a non-empty subset of the metric space (X, @). Define 


o(A, ):X Ri, x > inf{o(a,xr)|ae€ A} 


Prove that o(A, ) is continuous and @(A, x) = 0 whenever x € A. 
(c) Let S! be the unit circle in R?, 


S = {(2,y) €R’|2°+y° = 1}, 


with its Euclidean topology. Find a continuous bijection f: [0,1[ —> S$? 
Show that f is not a homeomorphism. 
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Question 5 [20 marks] 
Let (Y,U) be a topological space and let f: X —> Y be a function. 
Prove that 

T ={f'(G)|Geu} 


is a topology on X, and the finest one with respect to which f is continuous. 


Question 6 [20 marks] 
Decide which of the following statements are true and which are false. 

Provide a proof for those which are true, and a counter-example for those which are false. 
(a) The interior of the closure of A is the interior of A. 

(b) The connected components of a topological space are both open and closed. 


(c) Every compact subset of a Hausdorff space is closed. 


Question 7 [20 marks] 


Let (X, 0), (Y,o) be metric spaces and f: X —+ Y a continuous function. 
Prove that if X is compact, then f is uniformly continuous. 


Please remember: This examination paper MUST BE HANDED IN. Failure to 
do so may result in the cancellation of all marks for this examination. Writing your 
name and number on the front will help us confirm that your paper has been 
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